Abstract: A full-vector spectral element method (SEM) is applied to model and simulate surface plasmon-polariton (SPP) waveguides. Gauss-Lobatto-Legendre (GLL) polynomials are used to construct higher-order basis functions to achieve spectral accuracy. A discretization scheme featuring a nonuniform mesh with extra elements near the metal-dielectric interface is proposed to capture the waveguide configuration and dramatical mode field variations of the SPP waveguide. The studies on the accuracy and mode field distribution show that SEM is highly efficient and accurate. Using SEM simulation, a slot-based SPP waveguide operating at telecom wavelengths is proposed. Numerical results show that the proposed structure can simultaneously achieve millimeter-scale propagation distance ðL p $ 2:6 mmÞ and below-diffraction-limited effective mode area ðA eff =A 0 $ 0:3Þ. Parametric plots illustrate a significant improvement when compared to conventional SPP waveguides. Investigation of the mode width and crosstalk also demonstrates the excellent 3-D integration performance of the structure. The proposed slot-based SPP waveguide thus can become a potential candidate for highly integrated photonic circuits.
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Introduction
Miniaturized integrated photonic circuits with length scales much smaller than operation wavelength are attracting significant research interests. Subwavelength waveguides and devices have been proposed and demonstrated based on various technologies, e.g., photonic crystal waveguides [1] , [2] , slot waveguides [3] , [4] , and surface plasmon-polariton (SPP) waveguides [5] - [7] . Unlike the former two candidate waveguides, SPP waveguides can provide subwavelength confinement, even with the potential of breaking the diffraction limit. This compact confinement results from its ability of exploiting the coupling between electromagnetic fields and oscillations of the conductor's electron plasma. Moreover, due to the property of concentrating energy at the metal-dielectric interface and the existence of metal, SPP waveguides provide the possibility of easy-achieving optical nonlinearities [8] , [9] and introducing thermooptic effects [10] , [11] or electrooptic effects [12] by using the same metal as electrodes. The control signal propagating in an SPP waveguide is more accessible. The SPP waveguide is one of the most promising candidates for highly integrated photonic circuits.
Previously reported SPP waveguide geometry included metal slabs, metal stripes, metal nanoparticle waveguides, dielectric-loaded SPP (DLSPP) waveguides, etc. [7] . However, due to the intrinsic loss of metal, propagation distance of light in SPP waveguides is usually small under compact confinement. Thus the tradeoff between propagation distance and confinement becomes critical in an SPP waveguide. Recently, significant efforts have been dedicated to increasing the propagation distance without loosening the confinement. Two design principles are employed. One is to achieve a symmetric SPP mode [13] , [14] , whose dominant transverse component of electric field has even symmetry, while its longitudinal component has odd symmetry with respect to the midplane of the metal. As the longitudinal component of electric field in the metal determines the SPP damping, when it crosses zero at the midplane of the metal, the corresponding mode will experience small attenuation and propagate a long distance. It is conventionally called the longrange SPP (LR-SPP) mode [7] , [15] . The other principle takes advantage of a hybrid configuration consisting of high-permittivity and low-permittivity dielectric materials simultaneously. The SPP mode that approaches the light line of the low-permittivity dielectric has a small propagation constant, thus the propagation distance determined by the imaginary part of propagation constant will be large [16] , [17] . Electromagnetic energy will be stored and transmitted in low-permittivity region which is confined by the high-permittivity materials [18] , [19] . These two principles can be also combined to increase the propagation distance [20] - [24] . With these approaches, SPP waveguides can be designed to have mm-scale propagation. However, the mode confinement is still equal to or larger than the diffraction limit. It is thus desirable to design an SPP waveguide characterized simultaneously by mm-scale propagation distance and below-diffraction-limited effective mode area.
Designing an SPP waveguide requires the analysis of modes of a vector wave equation in 2-D cross section. Numerical techniques involving a discretization scheme must be applied to determine the modes when the geometry is complex. In the past, several numerical methods have been developed to analyze the SPP propagation characteristics, including the method of lines (MoL), the finite element method (FEM), the finite difference method (FDM), the finite difference time domain (FDTD) method, etc. [25] , [26] . However, these conventional methods still face great challenges since SPP waveguides possess peculiar configuration and field distributions, especially the intensive mode field concentration and variation in nanoscale regions near the metal. For the most common FEM, it would require extremely fine sampling points to capture the dramatic mode field variation within a narrow region, thus leading to great computational consumption. In order to overcome these difficulties, high-order methods such as the multidomain pseudospectral scheme [26] have been developed [27] . Here, we applied the spectral element method (SEM) for the first time to simulate SPP waveguides.
The SEM is a special type of higher-order FEM, with different choice of basis functions and quadrature integration. The high-order basis functions are constructed by Gauss-LobattoLegendre (GLL) polynomials, thus providing the ability to precisely simulate the spatially abrupt changes of permittivity within a narrow region. SEM has been applied to the determination of band structures of photonic crystals and proved to have spectral accuracy with the error decreasing exponentially with the order of basis functions [28] , [29] .
In this present paper, two typical SPP waveguides were investigated firstly to demonstrate the advantages of SEM, including detailed analysis of convergence, accuracy and mode field distribution. Then a slot-based SPP waveguide with long-range propagation and superconfinement was designed and its performance was studied. This SPP waveguide is a promising candidate for 3-D integrated photonic circuits.
Method and Validation
The SEM solves the electric field vector Helmholtz equation and obtains the propagation constant . By assuming fields in a time-harmonic form Eðx ; y ; zÞexpðj!t Þ, the full-vector Helmholtz equation of electric field is described as
where k 0 ¼ !=c is the wavenumber in vacuum, r and r are relative permeability and relative permittivity tensors. In general, the media in an SPP waveguide are considered as isotropic, leading r and r to be scalar values. With SPP propagating along the þz direction, in which the guiding structure is invariant, the electric field can be expressed as Eðx ; y ; zÞ ¼ eðx ; y ÞexpðÀjzÞ
where e is a 2-D vector field that only depends on the transverse coordinates ðx ; y Þ, ¼ 0 À j 00 is the complex propagation constant of the mode. One has r ¼ r t À jẑ.
0 is the phase constant and 00 is the attenuation constant. The mode effective index is then given by N eff ¼ 0 =k 0 , and the propagation distance of the SPP mode is L p ¼ 1=ð2 00 Þ. In the SEM, the electric field in the computational domain is expanded by the spectral element basis functions È i as follows:
Substituting (2) and (3) into (1), and applying the Galerkin method with SEM's basis function, the weak form of the full-vector Helmholtz equation for electric field is given as
The SEM is then applied to solve (4) [28] - [32] . The GLL polynomials are used to construct basis functions in a quadrilateral mesh. For 2-D problems, a basis function is written as the tensor product of two 1-D basis functions in the reference square element. The positions of nodal points thus form an interesting distribution which is denser near the edge of an discretized element than in the middle of it [28] , [29] . Because the SPP field would dramatically change near the metal-dielectric interface, this SEM nodal point distribution is suitable for simulating the SPP waveguides.
To apply SEM, a reasonable discretization scheme is also essential. Following the feature of SPP mode distribution, a nonuniform mesh is utilized with extra elements near the metal-dielectric interface. This discretization scheme assigns more nodal points to the region where mode field changes rapidly to model it accurately, and fewer points to the region where mode field changes smoothly to save computational resources. The following two numerical examples of metal slab and metal stripe will show the construction of this mesh and the validation of SEM.
Validation for a Metal Slab
The metal slab SPP waveguide case shown in Fig. 1 (a) comes from [25] . It has the symmetric insulator-metal-insulator (IMI) configuration featuring a thin metal film of relative permittivity 1 and thickness t being embedded in a dielectric background of relative permittivity 2 , which extends infinitely on both sides of the film. Two purely bound TM modes, denoted as a b and s b , having asymmetric and symmetric spatial distributions with respect to x axis for E y component, respectively, are supported by this waveguide [15] , [16] . 1 ¼ À19 À 0:53j and 2 ¼ 4 at the operation wavelength 0 ¼ 633 nm, and t ¼ 100 nm. In fact, this slab geometry can be solved using a 1-D method. However, we do it using 2-D SEM, to verify its accuracy. Fig. 1(b) gives the upper-half portion of the whole SEM discretization scheme for the metal slab. For the horizontal direction (x axis), it can be evenly divided, since there is no dielectric variation over this direction. Here, 3 elements are divided for the convenience to implement the algorithm. For the vertical direction (y axis), it can be divided into two regions according to the waveguide configuration, Region I for metal and Region II for dielectric. Region II is further discretized using an equidistance line spacing. Typically the distance is chosen as 0 =3. Then extra elements are added near materials interfaces to capture the change of electromagnetic fields. Since fields would vary rapidly in a metaldielectric interface, the line spacing h min of Region III is set to be the minimum length of all elements. Small h min is used to achieved reasonable accuracy. For conventional methods, it will require large computational efforts [25] . For SEM, the number of unknowns will not be changed by h min , providing the possibility to adjust it without additional computational efforts. Periodic boundary condition is applied for this simulation and computation domain should be as large as possible to minimize the coupling from adjacent periods. Since this metal slab SPP waveguide configuration has loose confinement, the side length of computation domain is set to be $ 3 0 . Fig. 2 (a) and (b) show the error of SEM simulation, which used 3 Â 14 elements. Reference data are analytical solutions [33] . Fig. 2(a) gives the absolute relative error of propagation constant of a b and s b modes as a function of h min . SEM order is chosen as 3, and the number of unknowns is 1237 for all h min . It can be seen that there exists an optimum h min ¼ 30 nm and the absolute relative error is better than 10 À5 . The errors get worse while h min decreases. This is because the mismatch between elements in Region III and its adjacent regions will introduce errors when a small h min is used.
The convergence with respect to the order of SEM was then shown in Fig. 2(b) . The results indicate that convergence to an absolute relative error of G 0.1% can be easily achieved, and the absolute relative error decreases exponentially as the order increases, proving the spectral accuracy property for the SEM. This rapid convergence speed is also valid for other h min .
The field profiles of the SPP modes are supposed to be difficult to accurately capture, especially for the region near the metal-dielectric interface [27] , [34] . With the help of extra elements, SEM possesses the ability to simulate the abrupt changes of permittivity within a narrow region. Fig. 3 shows the comparison of s b mode field distributions between the analytical solutions [33] and the Fig. 2 . Error for the metal slab in Fig. 1(a) . numerical SEM results. Power carried by the mode has been normalized to 1 W/m width of the guide. The modes of metal slab have 3 non-zero components, which are E y , E z and H x . Fig. 3(a) -(c) are real part of component E y , E z , and H x , respectively. Fig. 3(d)-(f) are the corresponding imaginary part. The comparison of a b mode is not shown here for simplicity. It can be seen that SEM has successfully retrieved the field profiles of s b mode and it fits well to the analytical results.
Validation for a Metal Stripe
The metal stripe SPP waveguide has analogous configuration to the above slab case, except for a finite width w . Here, we choose w ¼ 1 m to conveniently compare with published reference [25] . Fig. 4(a) shows the geometry of this metal stripe. Bound modes supported by this waveguide are either asymmetric or symmetric with respect to x axis and y axis for their E y component [15] , [16] . Fig. 4(b) gives the SEM discretization scheme for only a quarter portion of the metal stripe in Fig. 4(a) . The discretization mesh in the vertical direction (y axis) is not shown for its resemblance to the metal slab case. The discretization of the horizontal direction (x axis) is similar to that of vertical direction. Region I and Region II occupy the metal and dielectric domain, respectively. Both are discretized using an equidistance line spacing. Typically the distance is chosen as 0 =3. Region III adds extra elements near the metal-dielectric interface, which has a line spacing h min . For modeling open structures (e.g., metal stripe waveguide), absorbing boundary conditions are placed at outer perimeter of the computation domain. Fig. 5 gives the convergence investigation of the SEM simulation. It used 192 elements, with 12 along the horizontal direction and 16 along the vertical direction, respectively. Reference data are MoL results from [25] . The study on the absolute relative error of propagation constant of ss 0 b and ss 1 b modes (one from fundamental modes and one from higher-order modes, respectively) as a function of h min was shown in Fig. 5(a) . SEM order is chosen as 3. It can be seen that the lowest absolute relative error was achieved synchronously at h min ¼ 20 nm. Then the convergence at this optimum h min with respect to the order of SEM was shown in Fig. 5(b) . Conclusions can be drawn from these results. First, an acceptable absolute relative error of 1% was easily achieved when the order of SEM is 3, and the error converged exponentially as the order increased. Secondly, convergence was exponentially fast for both fundamental and higher-order modes at a same speed. This is derived from the reasonable discretization scheme shown in Fig. 4(b) , which covers uniformly for both subwavelength-varied mode field area and macroscale region of the waveguide. However, ss 0 b mode had a worse absolute relative error than ss 1 b mode, since its localization is much stronger than the later one.
The computational effort of SEM is much less than that of FEM. For metal stripe case to achieve an error of 1%, SEM used 6997 unknowns (192 elements, order 3). It took 34 seconds of CPU time and 120 MB of memory in a regular laptop, proving the great efficiency and accuracy of SEM. In contrast, the FEM requires much more unknowns ($79000) to achieve the same error, which takes 77 seconds of CPU time and 310 MB of memory using commercial software package COMSOL TM . From the analysis of two typical numerical examples, SEM was proved to be a highly efficient and accurate method for SPP waveguides. It can be reliably applied to design new SPP waveguides for integrated photonic circuits application.
Slot-Based SPP Waveguide Configuration and Modal Properties
Applying SEM simulation at telecommunication wavelength, 0 ¼ 1550 nm, the proposed slotbased SPP waveguide is designed as follows. As shown in Fig. 6(a) , two silicon bulks (refractive index n Si ¼ 3:48) of width w s ¼ 300 nm and thickness d ¼ 140 nm approach each other in the low-permittivity background. The low-permittivity region between them is denoted as the slot waveguide, of width w s and thickness d s . SiO 2 material ðn SiO 2 ¼ 1:44Þ is chosen to form a highindex-contrast with respect to silicon. A metal stripe is inserted into the center of slot to form the proposed slot-based SPP waveguide. We choose silver for this stripe because of its small loss tangent at the interested wavelength ð Ag ¼ À129 À 3:3jÞ [34] . The dimensions of silver stripe are 200 nm in width and only 10 nm in thickness, for a smaller bulk of metal will bring less loss into propagation.
Generally, the long-range mode of this silver stripe waveguide surrounding by pure SiO 2 would be cutoff due to its small width and thickness [15] . The use of the two silicon bulks and their proximity help to produce a new long-range mode, which can be explained by the coupled mode theory. Fig. 6(b) analyzes the dependence of the effective index of the slot-based SPP waveguide ðN spp Þ and slot waveguide ðN slot Þ, versus the slot thickness d s . The dotted line is the refractive index of SiO 2 ðN SiO 2 Þ. Bound modes of a waveguide in the background material of SiO 2 have larger effective index than N SiO 2 , while cutoff modes have smaller index than N SiO 2 . The cutoff long-range mode of silver stripe waveguide is located beneath the dotted line, which is not shown in Fig. 6(b) for simplicity. It can be seen that as d s increases, N spp approaches N slot and the cutoff silver stripe waveguide mode, but is always larger than them. This indicates that the long-range mode of the slot-based SPP waveguide is the symmetric parity of the coupled system between slot waveguide and silver stripe waveguide. The effective index of antisymmetric parity will be smaller than that of the silver stripe, which is also below cutoff. Meanwhile, as d s increases further, N spp comes closer to N slot , suggesting that the coupled effect gets weaker, and the mode of slot-based SPP waveguide will be more like that of a slot waveguide. Fig. 7 gives the normalized profile of the dominant transverse component E y along the y direction for the slot thickness d s ¼ 40 nm. Its symmetry confirms that the proposed waveguide mode is the LR-SPP. This case has the effective index N spp ¼ 1:7 and the propagation distance L p ¼ 2:6 mm. The mm-scale propagation is attributed to not only the symmetric mode distribution, but also to the hybrid configuration. It enables the propagation constant of the SPP mode to approach the light line of the low-permittivity ðSiO 2 Þ materials, resulting a small effective index and hence large L p . However, a small effective index generally means the mode field is weakly confined to the metal. In the proposed slot-based SPP waveguide, high-index silicon bulks are used to maintain compact confinement. This can be seen from the inset of Fig. 7 , which presents the electric field distribution jEj. The mode field is well confined and enhanced at the narrow region of slot due to the coupling between silicon bulk and silver stripe. This indicates a potential application to introduce optical nonlinearities and apply electric signal to modulate optical signals. The confinement can be gauged by the normalized mode area, which is defined as A eff =A 0 , where
2 is the diffraction-limited area in vacuum and A eff the statistical measure of effective mode area [35] A eff ¼
where W ðx ; y Þ is the mode energy density, which is calculated by the following formula:
Equation (5) is a reasonable measurement for the effective mode area since its insensitivity to strong concentration of mode field in small distances, which is typical for SPP waveguides.
To illustrate the modal properties of the proposed SPP waveguide better, we use a parametric plot, which displays the propagation distance and confinement together [18] , [35] . Fig. 8 shows the parametric plot of the normalized propagation distance L p = 0 versus normalized mode area A eff =A 0 . The proposed slot-based SPP waveguide is well located in the region (gray area) which has the mm-scale propagation distance and below-diffraction-limited effective mode area. The star sign labels the case of d s ¼ 40 nm, which has L p = 0 of 1:7 Â 10 3 ðL p ¼ 2:6 mmÞ and A eff =A 0 of 0.3. Fig. 8 also gives the parametric plots of stripe SPP waveguide (stripe SPP) and DLSPP waveguide for comparison. The stripe SPP is a silver stripe embedded in the background of SiO 2 material. Its dimensions are 1 m in width and 200-1000 nm in thickness t , to ensure the existence of longrange mode. The DLSPP consists of a silicon bulk ð200 Â 200 nm 2 Þ and the interface of silver and SiO 2 . The silicon bulk is embedded in SiO 2 region and forms a low-permittivity dielectric gap of thickness h ranging from 5 to 350 nm [18] . The comparison in Fig. 8 clearly suggests that the longrange modes of the proposed slot-based SPP waveguide are significantly improved both in propagation distance and confinement when compared to those of stripe SPP waveguide. When compared to DLSPP, the proposed waveguide is one order longer in propagation distance without losing its confinement. The parametric plot clearly shows the excellent modal properties of slotbased SPP waveguide for achieving superconfinement and long-range propagation distance simultaneously, suggesting its great potential for high-density photonic circuits. 
Performance for 3-D integration
Future photonic circuits require high integration density, which is restricted by bend loss and crosstalk. The mode width, which affects the bend loss of integrated photonic circuits, is investigated firstly. Here, we considered both the horizontal ðx Þ and the vertical ðy Þ directions for mode width determination. By integrating W ðx ; y Þ from (6) over x and y directions in the entire computation domain respectively, one can obtain the energy density profile spreading along x and y directions. The mode width is then defined as the full width where the energy density decays to 1=e of its peak value. As demonstrated in Fig. 9 , both mode widths monotonically increase when slot thickness d s increases, which corresponds to the phenomenon of the increasing effective mode area with regard to increasing d s . The vertical energy density has a more compact profile, due to the confinement of the high-permittivity silicon bulks. The insets of Fig. 9 also give the energy density profiles along the x and y directions for the case with d s ¼ 40 nm, respectively. They have been normalized by their maximum value. The mode widths for this case are 0.33 m and 0.24 m in x and y directions, respectively, suggesting significantly less bend losses than other SPP waveguides [21] , [23] .
Crosstalk between adjacent waveguides places a limit to the integration density of photonic circuits. It is related to the parameter of normalized coupling length L c =L p , where L c is the coupling length between two identical adjacent waveguides and L p the propagation distance of the single waveguide [21] . To ensure small crosstalk, L c should be large enough to make L c =L p 9 1, which means the transmitted mode energy decays to zero before it is coupled to the adjacent waveguide core. Low crosstalk happens at large L c =L p . Using the coupled mode theory, the coupling length is calculated by L c ¼ 0 =2jN s À N a j, where 0 is the operation wavelength, N s and N a are the effective indexes of the symmetric and antisymmetric modes of two adjacent waveguides, respectively. To evaluate the performance for 3-D integration, we consider two different configurations: two horizontally parallel waveguides and two vertically parallel waveguides. Fig. 10 investigates the dependence of normalized coupling length L c =L p on the center-to-center separations S x and S y , respectively. The dashed line indicates the critical normalize coupling length (L c =L p ¼ 1). It can be seen that only small S x and S y are needed for enough isolation, e.g., 2.1 m for both configuration of the d s ¼ 40 nm case. The crosstalk thus is significantly lower than the traditional SPP waveguides, which typically have 10 m for the center-to-center separations [21] , [23] . Combined with the mode width, the proposed slot-based SPP waveguide provides a beneficial advantage for dense 3-D integration.
Conclusion
In summary, we have applied the SEM to simulate SPP waveguides, and designed a new SPP waveguide. Owing to the nodal point distribution of GLL basis functions and the nonuniform mesh with extra elements near the metal-dielectric interface, SEM can efficiently and accurately model the SPP waveguides. The convergences of the metal slab and metal stripe SPP waveguides were analyzed. Numerical results exhibit good agreement to analytical solutions and MoL results. With an exponentially convergent behavior, SEM results can easily achieve high accuracy with absolute relative error smaller than 0.1%.
A slot-based SPP waveguide was designed and simulated by SEM. The configuration that inserts a metal strip into the core of the low-permittivity region of a slot waveguide, features a mm-scale propagation distance ($2.6 mm) and below-diffraction-limited effective mode area ($ 0:3A 0 , A 0 the diffraction-limited area in vacuum) simultaneously. Comparison shows a significant improvement against conventional SPP waveguides. The performance for 3-D integration was investigated. The mode widths in which the energy density profile spread along x and y directions, are considerably narrow to ensure a low bend loss. The center-to-center separations were as low as 2.1 m for both horizontally parallel and vertically parallel configurations of adjacent waveguides to ensure small crosstalk and high isolation. Together with the easy fabrication using standard lithography technique, the proposed waveguide can find its application in high-density photonic circuits.
